The superform construction of supergravity actions, christened the "ectoplasm method," is based on the use of a closed super d-form in the case of d space-time dimensions. In known examples, such superforms are obtained by iteratively solving nontrivial cohomological problems. The latter usually makes this scheme no less laborious than the normal coordinate method for deriving component actions for matter-coupled supergravity. In this note we present an alternative procedure to generate required superforms in four space-time dimensions, which makes use of selfdual vector multiplets. It provides the shortest derivation of chiral actions in two different theories: (i) N = 1 old minimal supergravity; and (ii) N = 2 conformal supergravity. The N = 2 superform construction is developed here for the first time. Although our consideration is restricted to the case of four dimensions, a generalization to higher dimensions is plausible. 
Introduction
The power of superspace approaches to supergravity theories in diverse dimensions consists in the possibility to write down the most general locally supersymmetric actions formulated in terms of a few dynamical variables with simple geometric origin. This generality does not come without price to be paid. The point is that, being trivial in principle, a reduction from the parental superfield action to its component counterpart requires some work that is technically quite involved and challenging in many concrete cases.
For off-shell supergravity theories in four dimensions, the component reduction was originally carried out using the Wess-Zumino iterative procedure [1] (see [2, 3] for reviews) and its generalizations [4, 5, 6, 7, 8] . Broadly speaking, this is a technique to reconstruct the relevant density multiplet from its lowest component and the known supersymmetry transformation law, in a suitably chosen Wess-Zumino gauge, order by order in powers of so-called covariant Θ-variables (of mysterious origin). Although this technique can always be applied, at least in principle, in practice it is rather awkward and (unreasonably) laborious. As a result, for some time the issue of component reduction remained the weakest point of superspace formulations for supergravity.
1
This situation has changed with the observation [10] that the concept of superspace normal coordinates [11] can be fruitful for component reduction in supergravity, which has led to the development of more powerful methods [12, 13] (see also [14] ). The crucial property of the normal coordinate approaches to component reduction is their universality. They can be used efficiently for any supergravity theory formulated in superspace, and for any number of space-time dimensions. At the same time, these methods are ultimately related to the earlier Noether-like schemes of [1, 2, 5, 6, 7, 8] , for the fermionic normal coordinates (which correspond to parallel transport around the bosonic body of curved superspace) can be seen to coincide with the covariant Θ-variables [13] .
Over a decade ago, a new universal method 2 for component reduction in supergravity [15, 16] was proposed, sometimes referred to as "ectoplasm," which appears to be more radical than the normal coordinate approach. It presents a superform construction of supergravity actions, and is based on the use of a closed super d-form in the case of d space-time dimensions. Conceptually, it is very simple and its key points can be described in just two paragraphs as follows.
Consider a curved superspace M d|δ with d space-time and δ fermionic dimensions, and let M d|δ be parametrized by local coordinates z M = (xm, θμ), wherem = 1, . . . , d and µ = 1, . . . , δ. The corresponding superspace geometry is described by covariant derivatives
Here J denotes the generators of the structure group (with all indices of Js suppressed), E A is the inverse vielbein, and Φ = dz M Φ M = E A Φ A the connection. As usual, the matrices defining the vielbein
The covariant derivatives obey the algebra
with T AB C the torsion, and R AB the curvature of M.
Next, consider a super d-form
constrained to be closed
Then, the integral over space-time
possesses the following fundamental properties: (i) S is independent of the Grassmann variables θ's; and (ii) S is invariant under general coordinate transformations on M d|δ and structure group transformations, and therefore
In physically interesting cases, the superform J has to obey some additional covariant constraints imposed on its components J A 1 ...A d . This is how the dependence of J on the geometric fields in (1.1) and (1.2) occurs.
As is clear from the above discussion, the ectoplasm method is very general, and its use for component reduction 3 is just one of many possible applications. It is actually a method for constructing supersymmetric invariants. In particular, the method has already been applied to study the structure of higher-order corrections in heterotic string theory [23] , as well as for elucidating the structure of higher-loop counterterms in maximally supersymmetric Yang-Mills theories [24] . The last two works are in accord with comments made at the end of the first work in [15] , where it was even conjectured that the ectoplasmic concept might find application outside of supersymmetric theories.
Independently of concrete applications, the starting point of the ectoplasm method is always a closed super d-form J given explicitly. To construct such a superform, one has to address the cohomology problem (1.4) that is non-trivial in general. For instance, if one somehow fixes a non-vanishing component of J A 1 ...A d of lowest mass dimension and then tries to restore the components of higher dimension by iteratively solving the cohomology equations (1.4), the resulting calculation can be argued to be equivalent to that one encounters when applying the normal coordinate method of [13] (which proves to be more powerful than the scheme presented in [12] ). Therefore, in the context of component reduction, one does not gain much if the ectoplasm method is implemented iteratively. However, the present paper is aimed to show that in conjunction with additional ideas this method becomes the most efficient approach to component reduction in supergravity.
Given a 2n-dimensional symplectic manifold, its volume 2n-form Ω is known to coincide, modulo a numerical factor, with ω ∧n ≡ ω ∧ · · · ∧ ω, where ω is the symplectic two-form, dω = 0. In this paper we will try to mimic this result in the case of fourdimensional supergravity theories. Specifically, for a given supergravity theory, we will try to engineer the corresponding four-form J from the wedge-product of closed two-forms. It turns out that for this purpose it is sufficient to play with self-dual vectors multiplets (as defined, e.g., in [25] in the flat case) if N = 1 and N = 2 supergravities are considered.
This paper is organized as follows. In section 2 we illustrate our approach by providing a new simplest/shortest derivation of the closed four-form [16] which corresponds to the chiral action principle within the old minimal formulation for N = 1 supergravity. Using the idea described in section 2, in section 3 we derive a closed four-form that generates the component form of the chiral action principle in N = 2 conformal supergravity. The latter result is then recast in the form of a complete density projector formula for a general N = 2 locally supersymmetric action. A brief discussion of the results is given in section 4. The paper is concluded with two technical appendices in which the superspace geometries for N = 1 old minimal and N = 2 conformal supergravities are reviewed in a concise form.
Chiral action in N = 1 old minimal supergravity
The closed four-form, which corresponds to the chiral action principle within the old minimal formulation for N = 1 supergravity, was constructed in [16] . As an illustration of our procedure, in this section we present a new, simplest derivation of this superform. It is based on the use of a self-dual vector multiplet. The latter is described by a complex closed two-form
which is characterized by the following components:
2a)
Here the spinor field strengthWα is covariantly antichiral,
and obeys the Bianchi identityDαWα = 0 (2.4) which implies that the vector multiplet is on-shell. In other words, the explicit expression for the two-form is
It is an instructive exercise to check explicitly, using the (anti)commutation relations for the covariant derivatives D A collected in Appendix A, that the complex two-form F defined above is indeed closed, dF = 0. Alternatively, the latter property becomes obvious if one recalls the structure of an off-shell real vector multiplet in curved superspace (see [2, 3, 9] for reviews). Its field strength 6) with V the gauge field, is characterized by the following components:
where the spinor field strength W α and its conjugateWα obey the Bianchi identities
If the equation of motion for a free vector multiplet is imposed, D α W α =DαWα = 0, the two sectors of F which involve the chiral W α and antichiralWα field strengths, respectively, become completely independent, modulo the reality condition. The self-dual vector multiplet is formally obtained by setting W α = 0 while keeping the other field strengthWα non-vanishing.
Consider the closed four-form J = F ∧ F ,
Using eqs. (2.2a), (2.2b) and the relations given in Appendix A, one can represent the non-vanishing components of J as follows:
10b)
HereL c is a covariantly antichiral scalar superfield,
which is expressed in terms of the vector multiplet strength asL c = i 2W
2 . This representation forL c is, however, completely irrelevant in order to demonstrate the fact that the four-form J with the non-vanishing components (2.10a)-(2.10c) is closed, for eq. (2.11) suffices. At this stage, the self-dual vector multiplet has completed its role and can be forgotten.
Using the closed four-form J associated with an arbitrary covariantly antichiral scalar superfieldL c , one can construct a locally supersymmetric action in accordance with the general rule (1. Then, for the action we obtain
This agrees with the results given in [2, 3, 9] .
3 Chiral action in N = 2 conformal supergravity
We now turn to constructing a closed four-form destined to generate the chiral action principle in N = 2 conformal supergravity. As shown in [26, 27] , N = 2 conformal supergravity can be described using the superspace geometry proposed by Grimm [28] which is more economical than the formulation given in [29] (more precisely, the former is obtained from the latter by partially fixing the gauge freedom including the super-Weyl invariance). Appendix B contains all information about the geometric formulation of [28] , which is relevant for this paper. A complete presentation can be found in [26] .
A self-dual N = 2 vector multiplet in curved superspace is described by a complex two-form, F = 
E
B ∧ E A F AB , with the following components:
1b)
Thus the field strength F AB is generated by a single scalar superfieldW which is covariantly antichiral,
and subject to the equation of motion
Here the tensor superfields W αβ ,Ȳαβ andS ij are components of the superspace torsion, see Appendix B. It follows from (3.1c) that F ab possesses both self-dual (Fαβ) and antiself-dual (F αβ ) components.
However, the latter originates solely due to the curved superspace geometry. Indeed, F αβ is proportional to the super-Weyl tensor W αβ , and hence it vanishes in the flat superspace limit.
The above relations imply that the two-form F is closed.
To justify this claim, it is sufficient to consider an off-shell real N = 2 vector multiplet in curved superspace, F = 1 2 E B ∧E A F AB , which is described in detail in [26] . Its components are expressed in terms of a covariantly chiral superfield W,D iα W = 0, and its conjugatē W which are related to each other by the Bianchi identity
On the mass shell, when the expressions in both sides of (3.6) vanish, one can consistently switch off W while keepingW non-vanishing. This results in the self-dual N = 2 vector multiplet introduced. Now, consider the closed four-form J = F ∧ F ,
It is an edifying calculation to verify that the non-vanishing components of J can be represented as follows:
Here the scalarL c is covariantly antichiral, 9) and is related to the vector multiplet strength asL c = i 4W
2 . The operatorsD ij andDαβ in (3.8e) are defined asD
They possess the following useful identities:
with U a scalar superfield.
Now comes the crucial point of our analysis. Given an arbitrary covariantly antichiral scalar superfieldL c , eq. (3.9), one can check that the four-form J with components (3.8a)-(3.8e) is closed.
5 At this stage, therefore, we can completely forget about the on-shell vector multiplet F and the explicit realization forL c in terms ofW given.
Using the closed four-form J constructed, we generate a locally supersymmetric action in accordance with the general rule (1.6). In complete analogy with the N = 1 case, we define the component vierbein e m a := E m a | θ=0 and the gravitino Ψ m
In the flat superspace limit, our four-form J reduces to the so-called "chiral" four-form constructed in [31] (this observation is not quite obvious to make, however, because of the ingenious notation adopted in [31] ).
the resulting action is
This component action was first computed by Müller [8] using different techniques. Its derivation using the ectoplasm approach is one of the main results of our paper.
The covariantly antichiral scalar superfieldL c can be represented in terms of an unconstrained scalar superfield L as follows [7, 13] 
where we have defined
In the special case when L is real,L = L, eq. (3.12) constitutes the component of the general action
It can be brought to a manifestly real form by adding to the right-hand side of (3.12) its complex conjugate.
Discussion
The traditional approaches to the component reduction in four-dimensional N = 1 supergravity are reviewed in the textbooks [2, 3, 9] . These approaches are known to be extremely laborious. Our derivation of the component action principle (2.13) took only a few hours of calculation, and its technical description requires half a page only. This shows that the ectoplasm method becomes very efficient if the problem of constructing a required closed super d-form (in the case of d space-time dimensions) can be re-cast as that of engineering this superform from some closed superforms of lower rank. This idea was successfully applied in section 3 to construct the closed four-form (3.7)-(3.9) in N = 2 conformal supergravity, which is associated with an arbitrary covariantly antichiral scalar superfieldL c and generates the locally supersymmetric action (3.12). The four-form (3.7)-(3.9) is a new original result derived for the first time in the present paper. As to the N = 2 chiral action (3.12), it was computed twenty years ago by Müller 6 [8] using a technique closely resembling the normal coordinate construction of [13] . Our derivation of the action (3.12) is much more simpler as compared with the calculation in [8] .
With the component action (3.12) at our disposal, the projective-superspace formulation for N = 2 matter-coupled supergravity given in [13, 26, 27, 32] is completely developed. In particular, any N = 2 supergravity-matter action can be readily reduced to components.
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A N=1 old minimal supergravity
Here we collect the key relations used in this paper concerning the superspace geometry within the old minimal formulation for N = 1 supergravity, see [9] for more details. Our notation and conventions correspond to [9] ; they are similar to those used in [2] except for the normalization of the Lorentz generators, including a sign definition of the sigmamatrices σ ab andσ ab . The superspace geometry is described by covariant derivatives
with Ω A the Lorentz connection and M bc ⇔ (M βγ ,Mβ˙γ) the Lorentz generators,
The covariant derivatives obey the following algebra:
where the tensors R, G a =Ḡ a and W αβγ = W (αβγ) satisfy the Bianchi identities
B N=2 conformal supergravity
This appendix contains a summary of the superspace geometry corresponding to N = 2 conformal supergravity, see [26] for more details. Consider a curved 4D N = 2 superspace M 4|8 parametrized by local bosonic (x) and fermionic (θ,θ) coordinates 
